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ON THE DISTRIBUTION OF MODULAR SQUARE
ROOTS OF PRIMES
ILYA D. SHKREDOV, IGOR E. SHPARLINSKI,
AND ALEXANDRU ZAHARESCU
Abstract. We use recent bounds on bilinear sums with modular
square roots to study the distribution of solutions to congruences
x2 ≡ p (mod q) with primes p 6 P and integer q 6 Q. This
can be considered as a combined scenario of Duke, Friedlander
and Iwaniec with averaging only over the modulus q and of Dunn,
Kerr, Shparlinski and Zaharescu with averaging only over p.
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2 I. D. SHKREDOV, I. E. SHPARLINSKI, AND A. ZAHARESCU
1. Introduction
1.1. Motivation. We recall that the celebrated work of Duke, Fried-
lander and Iwaniec [8,9], see also [20,31], establishes the uniformity of
distribution of fractions x(n, q)/q formed by all solutions to quadratic
congruence
(1.1) x2 ≡ n (mod q), 1 6 x 6 q ,
for a given integer n and the prime modulus q that runs up to some
bound q 6 Q. These results have had an enormous number of applica-
tions, see for example [1, 5, 6, 9, 25, 26, 29].
In [10] a somewhat dual question has been considered about the
distribution of x(p, q)/q for a fixed prime q when p runs over primes
p 6 P for some parameter P , with non-trivial estimates provided that
P > q2/3+ε with some fixed ε > 0.
Here we consider a combined scenario of congruences x2 ≡ p (mod q)
when p varies over primes p 6 P and q varies over integers q 6 Q.
More precislely, given a prime q and a real parameter P we consider
the set Rq(P ) of primes p 6 P which are quadratic residues modulo q.
Following [10], we are interested in the distribution of solutions to the
congruence
x2 ≡ p (mod q), p ∈ Rq(P ) .
Obviously to be able to answer this question one needs good lower
bounds on the abundance of primes inRq(P ), that is, on the cardinality
Rq(P ) = #Rq(P ) .
Unfortunately, unless P is exponentially large, all known results of this
type are conditional on the Generalised Riemann Hypotheis or other
conjectures on the zero-free regions of L-functions, see [10].
Here we show that a result of [10] on square roots of primes in residue
rings modulo q can be improved on average over q and can also be given
in a fully unconditional form. This is based on two ingredients:
• an asymptotic formula forRq(P ) on average over q which follows
from a large sieve-type result of Heath-Brown [17] on average
values of sums of real characters;
• a new bound of bilinear sums with modular square roots of in-
tegers from [30] which we couple with the Heath-Brown identity
(see [21, Proposition 13.3]) to estimate exponential sums with
square roots of primes.
As we have noticed, our result is an unconditional averaged version
of a result from [10] with averaging over the modulus q. It can also
be viewed as an averaged version of results of Duke, Friedlander and
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Iwaniec [8, 9], Homma [20] and [31], to the scenario when n in (1.1)
varies over primes p 6 P .
Finally, we mention that the results and methods of [23,24] undoubt-
edly lead to a uniformity of distribution result for solutions to
(1.2) x2 ≡ p (mod qk), p ∈ Rq(P ) ,
with a fixed odd prime q as k →∞, starting with very short intervals,
namely, already for P > qεk with any fixed ε > 0 (clearly p ∈ Rq(P ) is
equivalent to the solvability of (1.2)).
1.2. New result. More precisely, given λ ∈ Z×q , where Z×q is the unit
group of the residue ring Zq modulo q, and two real numbers, we define
∆λ,q(P ) = max
[Y+1,Y+X]∈[1,q−1]
∣∣∣∣Tλ,q(P ;X, Y )− Xq pi(P )
∣∣∣∣ ,
where a Tλ,q(P ;X, Y ) denotes the number of x ∈ [Y + 1, Y +X ] with
x2 ≡ λp (mod q) for some prime p 6 P and, as usual, pi(P ) denotes
the number of primes p 6 P .
In [10] the discrepancy ∆λ,q(P ) is estimated under the condition
that for the given prime q, the number of prime quadratic residues
p 6 P is close to its expected value 0.5pi(P ). Here we take advantage
of averaging over q prime and obtain an unconditional result with a
stronger bound on average.
Theorem 1.1. Let 1 6 P 6 Q. Then we have
1
Q
∑
q6Q
q prime
max
λ∈Z×q
∆λ,q(P ) 6
(
P 11/12 + P 4/5Q1/10
)
Qo(1) .
It is easy to see that Theorem 1.1 is nontrivial for P > Q1/2+ε with
some fixed ε > 0, while for P = Q we get ∆λ,q(q) 6 q
11/12+o(1), for
almost all primes q, uniformly over λ ∈ Z×q .
Perhaps considering more cases in the proof of Theorem 1.1 one can
obtain a improve the bound of Theorem 1.1. However our goal has
been to have a nontrivial result in a range of P as wide as possible
and we believe that the above condition P > Q1/2+ε is the limit of our
method.
Clearly, using Theorem 1.1 one can provide averaged versions of
many applications which rely on the bound of Duke, Friedlander and
Iwaniec [9, Theorem 1.1]; some of them are indicated already in [9],
some other can be found in [1, 6, 25, 26].
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2. Links to other problems
2.1. Local spacings. The local spacing distribution of the sequence
n2α mod 1 for α irrational has been extensively studied in the litera-
ture. A classical result of Rudnick and Sarnak states that for all inte-
gers d > 2 and almost all real α, the pair correlation of the sequence
ndα mod 1 is Poissonian. This is in contrast with the case d = 1,
where it is well known that for all α and all N , the gaps between con-
secutive elements of fractional parts {nα}, 1 6 n 6 N , can take at
most three values. Returning to the case d = 2, Rudnick, Sarnak and
Zaharescu [28, 33] have shown that for sufficiently well approximable
numbers α, the m-level correlations and consecutive spacings are Pois-
sonian along subsequences. For α =
√
2, these types of conjectures are
supported numerically [16] because of their close connection to the dis-
tribution between neighbouring levels of a certain integrable quantum
system.
A difficult problem is that of the distribution of local spacings be-
tween consecutive primes. Gallagher [14] proves that the sequence of
primes has a Poissonian distribution, conditionally under the assump-
tion of (a uniform version of) an even more famous conjecture, the
prime k-tuple conjecture.
Let us now take a large prime number q and consider two sequences
modulo q: the sequence of primes up to q, and the sequence of squares
of positive integers up to N . Suppose N is of the size of q/ log q, so
that the above two finite sequences have about the same number of el-
ements. By Gallagher’s result [14], the first sequence has a Poissonian
distribution, conditionally under the prime k-tuple conjecture. Uncon-
ditionally, by [28], the second sequence has a Poissonian distribution
for N of the above size. Under these circumstances one would nat-
urally expect that if one takes the union of these two sequences, the
new sequence has a Poissonian distribution, too. Thus, for example,
the nearest-neighbor distribution should be exponential: for each fixed
λ > 0, the proportion of gaps between consecutive elements of the se-
quence (arranged increasingly in the interval [1, q]) should tend to e−λ,
as q tends to infinity. Note that the distribution problem for this com-
bined sequence introduces new challenges. Thus, if one wants to count
neighbours (pairs of consecutive elements of the sequence) asymptot-
ically, one needs to deal with four types of pairs: pairs where both
elements are primes (counted in [14]), pairs where both elements are
squares mod q (counted in [28]), as well as new types of pairs, where
one element is a prime and the other is a square. Counting these new
types of pairs leads one to study the problem of finding, for each fixed
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integer h, an asymptotic formula for the number of solutions to the
congruence n2 ≡ p+ h (mod q). Here the case h = 0 would need to be
included, too, and in that case the problem reduces to the congruence
discussed in the present paper.
2.2. Diophantine inequalities. Diophantine inequalities with primes
and respectively with squares have a long history. In the case of primes,
Matoma¨ki [27] proved that for any real irrational number α, and any
ε > 0, there are infinitely many prime numbers p for which
‖pα‖ < 1
p1/3−ε
.
where ‖ξ‖ denotes the distance between ξ and the closest integer.
In the case of squares, it is shown in [32] that for any real irrational
number α and any ε > 0, there are infinitely many positive integers n
for which
‖n2α‖ < 1
n2/3−ε
.
The following question naturally arises: Given a real irrational num-
ber α and positive integers P and N , can one find a prime p 6 P and
a positive integer n 6 N such that pα and n2α are close to each other
modulo 1?
Here one may expect that since n can take N values and p can
take about P/ logP values, there should be a pair (p, n) for which the
distance between the fractional part of pα and the fractional part of
n2α is less than 1/(PN)1−ε. Such an expectation is simply false.
Indeed, consider for instance the case P = N2. Then all the differ-
ences p−n2 that can appear are nonzero integers in the interval [−P, P ].
Recall that Dirichlet’s theorem is best possible: almost all real num-
bers have Diophantine type exactly 2. For such an α, one cannot find
nonzero integers m in the interval [−P, P ] for which ‖mα‖ < 1/P 1+ε,
and therefore one cannot find a pair (p, n) as above for which the dis-
tance between the fractional part of pα and the fractional part of n2α
is less than 1/P 1+ε.
We remark that for the same real numbers α, (that is, of Diophantine
type equal to 2) one can combine [27] with [32] to conclude that for
infinitely many P = N2 as above, there exist pairs (p, n) for which
‖pα− n2α‖ < 1/P 1/3−ε.
To obtain the result one actually makes both ‖pα‖ and ‖n2α‖ smaller
than 1/P 1/3−ε. This applies in particular to the case when the given
real irrational number α is algebraic, by the Thue–Siegel–Roth theorem.
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Let us remark that the above type of questions have connections with
some celebrated unsolved problems involving primes and squares. For
example, a well known conjecture of Hardy and Littlewood states that
every large enough positive integer is either a square, or the sum of a
prime and a square. Assuming this holds true, and applying it to m
above (or applying it to 2m in case m is a square), it follows that there
is a pair (p, n) such that the fractional part of pα and the fractional
part of n2α are either both O(1/P ), or both are 1 − O(1/P ), or they
are at distance O(1/P ) from being symmetrically placed with respect
to 1/2.
Another well known conjecture of Hardy and Littlewood states that
any large enough odd number is the sum of a prime and 2 times a
square. Assuming this conjecture holds true, and applying it to 2m+1
in a similar way as above, it follows that there is a pair (p, n) such
that pα and 2n2α are at distance O(1/P ) from being symmetrically
placed with respect to α/2 modulo 1. Less famous than the celebrated
Goldbach conjecture, this conjecture actually goes back to Goldbach,
too. He stated the conjecture in a letter to Euler dated 18 November
1752. For more on the history of this problem, the reader is referred
to Hodges [19].
Suppose now that α has a higher Diophantine type, and let b/q be
a rational number such that
(2.1)
∣∣∣∣α− bq
∣∣∣∣ < 1qK .
Assume K > 3. Also, assume that both P and N are smaller than
q, and do not necessarily satisfy P = N2. Now if one tries to find a
prime p up to P and a positive integer n up to N such that pα is close
to n2α modulo 1, then one is actually forced to restrict themselves to
only consider pairs (p, n) for which n2 ≡ p (mod q). Indeed, for any
other pair (p, n) the numbers bp and bn2 are incongruent modulo q, so
pb/q and n2b/q differ by at least 1/q. On the other hand
|pα− pb/q| < P/qK < 1/qK−1
and similarly
|n2α− n2b/q| < N2/qK < 1/qK−2 .
With K > 3, both the above quantities are much smaller than 1/q.
Thus
‖pα− n2α‖ ≫ 1/q .
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By contrast, each pair (p, n) for which n2 ≡ p (mod q) automatically
produces a better result :
‖pα− n2α‖ ≪ P +N
2
qK
.
We end this subsection with the following remark. Notice that one
may be able to improve on this bound by studying the distribution of
square roots of primes p up to P modulo q. This is directly related
to the topic of the present paper. Indeed, a strong bound on the
discrepancy of such a set of square roots would imply the existence of
such square roots in reasonably short intervals. In particular, it would
imply the existence of numbers n 6 N , with N reasonably smaller than
q, with n2 congruent mod q to a prime less than P . This is achieved
in Theorem 1.1 above, not for every q, but for most primes q up to
Q. There is however no principal obstacle to extending this result to
averaging over all integers q 6 Q. Furthermore, using standard tools
of the theory of Diophantine approximations, it is easy to show that
for any K > 0, for a set of α ∈ [0, 1] of positive Hausdorff dimension,
there are infinitely many approximations (2.1) with primes q.
3. Preliminaries
3.1. Notation. Throughout the paper, the notation U = O(V ), U ≪
V and V ≫ U are equivalent to |U | 6 cV for some positive constant
c, which throughout the paper may depend on a small real positive
parameter ε.
For any quantity V > 1 we write U = V o(1) (as V →∞) to indicate
a function of V which satisfies |U | 6 V ε for any ε > 0, provided V is
large enough.
For a sequence of complex weights γ = (γk)
K
k=1 and sigma > 0, we
denote
‖γ‖∞ = max
k=1,...,K
|γk| and ‖γ‖σ =
(
K∑
k=1
|γk|σ
) 1
σ
.
For a real A > 0, we write a ∼ A to indicate that a is in the dyadic
interval A 6 a < 2A.
For ξ ∈ R and m ∈ N we denote
e(ξ) = exp(2piiξ) and em(ξ) = exp(2piiξ/m) .
We also use (k/q) to denote the Jacobi symbol of k modulo an odd
integer q > 2.
We always use the letter p, with or without subscript, to denote a
prime number.
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As usual, for an integer a with gcd(a, q) = 1 we define a by the
conditions
aa ≡ 1 (mod q) and a ∈ {1, . . . , q − 1} .
We also use 1S to denote the characteristic function of a set S and
denote by |S| the cardinality of this set. Finally, we recall that∑∗
and
∑♯
mean that the summation is over elements of Z×q and over odd integers,
respectively.
3.2. Bilinear forms and equidistribution. Given a, h ∈ Z×q , integer
numbers M,N > 1 and complex weights
α = (αm)
M
m=1 and β = (βn)
N
n=1 ,
we consider bilinear forms in Weyl sums for square roots
(3.1) Wa,q(α,β; h,M,N) =
M∑∗
m=1
N∑∗
n=1
αmβn
∑
x∈Zq
x2=amn
eq(hx) ,
where, as mentioned above,
∑∗ means that the summation is over the
elements of Z×q . We also remark that the equation x
2 = amn in the
definition of the sums (3.1) is considered in Zq and thus is equivalent
to the congruence x2 ≡ amn (mod q).
The goal is to improve the trivial bound
Wa,q(α,β; h,M,N) = O (‖α‖1‖β‖1) .
For many applications this is especially important ti achieve below the
so-called Po´lya–Vinogradov range, that is, for M,N 6 q1/2, since as
it has been shown by Dunn and Zaharescu [11] this leads to a power
saving in the error term of an asymptotic formula for a second moment
of certain L-functions.
For prime q, first nontrivial bounds on the sums (3.1) have been
given in [11] and then improved in [10, Theorem 1.7], as follows
|Wa,q(α,β; h,M,N)| 6 ‖α‖2‖β‖1/3∞ ‖β‖2/31 q1/8+o(1)M7/24N1/8(
M7/48
q1/16
+ 1
)(
N7/48
q1/16
+ 1
)(3.2)
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and
|Wa,q(α,β; h,M,N)| 6 ‖α‖2‖β‖3/41 ‖β‖1/4∞ q1/8+o(1)M5/16N1/16(
M3/16
q1/8
+ 1
)(
N3/16
q1/8
+ 1
)
.
(3.3)
Furthermore, in [30] the bounds (3.2) and (3.3) have been improved
on average over q where the averaging involves all odd integers q rather
than only primes.
First we note that without loss of generality the weights α and β
can be normalized to satisfy
(3.4) ‖α‖2 6M1/2 and ‖β‖∞ 6 1 .
In particular, under the condition (3.4), the bounds (3.2) and (3.3)
become
|Wa,q(α,β; h,M,N)|
6 q1/8+o(1)(MN)19/24
(
M7/48
q1/16
+ 1
)(
N7/48
q1/16
+ 1
)
(3.5)
and
|Wa,q(α,β; h,M,N)|
6 q1/8+o(1)(MN)13/16
(
M3/16
q1/8
+ 1
)(
N3/16
q1/8
+ 1
)
,
(3.6)
respectively.
Recall that for real positive Q we write q ∼ Q to indicate q ∈ [Q, 2Q).
It is convenient to define
B(M,N,Q) = (MN)3/4Q1/8
(
M1/4Q−1/8 + 1
)(
N1/4Q−1/8 + 1
)
,
(3.7)
which is the bound of [30] on the sums Wa,q(α,β; h,M,N) on average.
More precisely, we now consider the average value
A(Q) =
1
Q
∑♯
q∼Q
max
16M,N6Q
max
a,h∈Z×q
max
α,β as in (3.4)
( |Wa,q(α,β; h,M,N)|
B(M,N,Q)
)4
,
where, as before,
∑♯ means that the summation is over odd integers.
By a result of [30], we have
Lemma 3.1. For Q→∞, we have
A(Q) = Qo(1) .
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In particular, if M,N 6 Q1/2 then the bound B(M,N,Q) in (3.7)
takes form
B(M,N,Q)≪ (MN)3/4Q1/8 .
This is better than the trivial bound provided that MN > Q1/2+ε,
for some fixed ε > 0, while the bounds (3.5) and (3.6) of [10] require
MN > Q3/5+ε and MN > Q2/3+ε, respectively.
3.3. Distribution of prime quadratic residues on average. We
use the following immediate implication of a result of Heath-Brown [17]
on the overage values of sums of real characters.
Let Nq(P ) be the number of primes p 6 P which are quadratic
residues modulo q.
Lemma 3.2. Let 1 6 P 6 Q. Then we have
1
Q
∑
q6Q
q prime
∣∣∣∣Nq(P )− 12pi(P )
∣∣∣∣ 6 P 1/2Qo(1) .
Proof. Clearly,
Nq(P ) =
1
2
∑
p6P
((
p
q
)
+ 1
)
.
Hence
(3.8)
∑
q6Q
q prime
∣∣∣∣Nq(P )− 12pi(P )
∣∣∣∣ 6∑
q6Q
∣∣∣∣∣∑
p6P
(
p
q
)∣∣∣∣∣ .
On the other hand, a very special case of [17, Theorem 1] implies
(3.9)
∑
q6Q
q prime
∣∣∣∣∣∑
p6P
(
p
q
)∣∣∣∣∣
2
6 PQ1+o(1) .
Using the Cauchy inequality, we see that (3.8) and (3.9) imply the
desired result. 
3.4. Exponential sums and discrepancy. We recall that the dis-
crepancy D(N) of a sequence in ξ1, . . . , ξN ∈ [0, 1) is defined as
(3.10) DN =
1
N
sup
06γ61
|#{1 6 n 6 N : ξn ∈ [0, γ)} − γN | .
We remark that this notion of discrepancy is normalized by the presence
of the factor 1/N . One may also work with the unnormalized discrep-
ancy, where the factor 1/N is missing from the right side of (3.10).
Thus the normalized discrepancy is bounded by 1, the unnormalized
DISTRIBUTION OF MODULAR SQUARE ROOTS OF PRIMES 11
discrepancy is bounded by N , and the connection between them is sim-
ply that the unnormalized discrepancy equals N times the normalized
discrepancy.
We now recall the classical Erdo˝s–Tura´n inequality which links the
discrepancy and exponential sums (see, for instance, [7, Theorem 1.21]
or [22, Theorem 2.5]).
Lemma 3.3. Let xn, n ∈ N, be a sequence in [0, 1). Then for any
H ∈ N, the discrepancy DN given by (3.10) satisfies
DN 6 3
(
1
H + 1
+
1
N
H∑
h=1
1
h
∣∣∣∣∣
N∑
n=1
e(hξn)
∣∣∣∣∣
)
.
It is now useful to recall the definition of the Gauss sum
Gq(a, b, q) =
∑
x∈Zq
eq
(
ax2 + bx
)
, (a, b) ∈ Z×q × Zq .
The standard evaluation [21, Theorem 3.3], for odd integer modulus
q > 3 leads to the formula
(3.11) Gq(a, b) = eq
(−4ab2) εq√q(a
q
)
,
where
εq =
{
1 if q ≡ 1 (mod 4) ,
i if q ≡ −1 (mod 4) .
We also need the following bound for exponential sums over square
roots modulo primes. Since below q is always prime, we use the nota-
tion of the finite field Fq of q elements instead of Zq.
Lemma 3.4. For a prime q, an integer W 6 q and integers a and h
with gcd(ah, q) = 1, we have
W∑
w=1
∑
x∈Fq
x2=aw
eq(hx)≪ q1/2+o(1) .
Proof. Completing the exponential sum as in [21, Section 12.2] gives
that
W∑
w=1
∑
x∈Fq
x2=aw
eq(hx)≪ max
06t6q−1
|Gq(ta, h)| · log q .
The value t = 0 does not contribute anything and for any t ∈ F×q
use (3.11). 
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4. Proof of Theorem 1.1
4.1. Preliminary discussion. We follow closely the approach of [10],
however our estimates are slightly different, so we present the proof in
full detail. We recall that in Theorem 1.1 the modulus q runs through
primes. Hence we use Fq instead of Zq.
As in [10], we see that Lemma 3.3 reduces the discrepancy question
to estimating the exponential sum
Sq(h, P ) =
∑
p6P
∑
x∈Fq
x2=p
eq(hx)
for P 6 q. Thus our goal is to estimate
S(P,Q) =
∑
q∼Q
q prime
max
h∈F×q
|Sq(h, P )| .
In turn, using partial summation, one can bound the sums S(T,Q)
via the sums
(4.1) S˜(T,Q) =
∑
q∼Q
q prime
max
h∈F×q
∣∣∣S˜q(h, T )∣∣∣ ,
with R 6 T , where
S˜q(h, T ) =
T∑
k=1
Λ(k)
∑
x∈Fq
x2=k
eq(hx)
and, as usual, we use
Λ(n) =
{
log p if n is a power of the prime p ,
0 otherwise ,
to denote the von Mangoldt function.
Thus our goal is to derive the estimate
(4.2) S˜(P,Q) 6
(
P 11/12 + P 4/5Q1/10
)
Qo(1) .
In what follows it is convenient to define
ρq = max
16M,N6Q
max
a,h∈Z×q
max
α,β as in (3.4)
max
{
1,
|Wa,q(α,β; h,M,N)|
B(M,N,Q)
}
.
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Hence, recalling (3.7), and using (MN)1/4Q−1/4 6 P 1/4Q−1/4 ≪ 1
we see that for q ∼ Q we can always use the bound
|Wa,q(α,β; h,M,N)|
6 ρq(MN)
3/4Q1/8+o(1)
(
M1/4Q−1/8 + 1
) (
N1/4Q−1/8 + 1
)
6 ρq(MN)
3/4Q1/8+o(1)
(
M1/4Q−1/8 +N1/4Q−1/8 + 1
)
.
(4.3)
Our main tool is the bound
(4.4)
1
Q
∑
q∼Q
q prime
ρq 6 Q
o(1)
implied by Lemma 3.1 and the Ho¨lder inequality, combined with (4.3).
4.2. The Heath-Brown identity. To estimate the sum (4.1) we ap-
ply the Heath-Brown identity in the form given by [13, Lemma 4.1]
(see also [21, Proposition 13.3]) as well as a smooth partition of unity
from [12, Lemme 2] (or [13, Lemma 4.3]).
We also fix three parameters
(4.5) U > S > L > 1 .
to be optimised later and define
(4.6) J = ⌈logP/ logL⌉ .
We always assume that L exceeds some fixed small power of q so we
always have J ≪ 1.
Now, as in [13, Lemma 4.3], we decompose S˜q(h, P ) into a linear
combination of O(log2J q) sums with coefficients bounded by O(log q),
Σq(V) =
∞∑
m1,...,mJ=1
γ1(m1) . . . γJ(mJ)
∞∑
n1,...,nJ=1
V1
(
n1
N1
)
. . . VJ
(
nJ
NJ
) ∑
x∈Fq
x2=m1...mJn1...nJ
eq(hx) ,
where
(4.7) V = (M1, . . . ,MJ , N1, . . . , NJ) ∈ [1/2, 2P ]2J
is a 2J-tuple of parameters satisfying
(4.8) N1 > . . . > NJ , M1, . . . ,MJ 6 P
1/J , P ≪ R≪ P
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(implied constants are allowed to depend on J), with
(4.9) R =
J∏
i=1
Mi
J∏
j=1
Nj ,
and
• the arithmetic functions mi 7→ γi(mi) are bounded and sup-
ported in [Mi/2, 2Mi];
• the smooth functions xi 7→ Vi(x) have support in [1/2, 2] and
for any fixed ε > 0 satisfy
V (j)(x)≪ qjε
for all integers j > 0, where the implied constant may depend
on j and ε.
We recall that the notation a ∼ A is equivalent to a ∈ [A/2, 2A).
Hence we can rewrite he sum Σq(V) in the following form
Σq(V) =
∑
mi∼Mi,ni∼Ni
i=1,...J
γ1(m1) . . . γJ(mJ)V1
(
n1
N1
)
. . . VJ
(
nJ
NJ
)
∑
x∈Fq
x2=m1...mJn1...nJ
eq(hx) .
In particular, we see that the sums Σq(V) are supported on a finite set.
We now collect various bounds on the sums Σq(V) which we derive in
various ranges of parametersM1, . . . ,MJ , N1, . . . , NJ until we cover the
whole range in (4.7).
4.3. Bounds of multilinear sums. To estimate the multilinear sums
Σq(V), we put N1 in ranges which we call “small”, “moderate”, “large”
and “huge”. We further split the “moderate” range in further subranges
depending on “small” and “large” values of N2. These ranges depend
on L, S and U in (4.5) and also P and Q and thus in principle some
can be empty depending on the choice of L, S and U .
In order to apply Lemma 3.1, it is convenient to observe that in the
bound (4.3) we have M1/4Q−1/8 + 1 ≪ 1 for M ≪ Q1/2 and similarly
for the other term involving N . It is also convenient to assume that
(4.10) P > Q1/2,
as otherwise the bound of Theorem 1.1 is trivial.
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Case I: Small N1.
First we consider the case when
(4.11) N1 6 L .
From the definition of J in (4.6) and the condition (4.8) we see that
(4.12) M1, . . . ,MJ 6 L .
We see that if (4.11) holds then we can choose two arbitrary sets
I,J ⊆ {1, . . . , J} such that for
M =
∏
i∈I
Mi
∏
j∈J
Nj and N = R/M ,
where R is given by (4.9) we have
(4.13) P 1/2 ≪ N ≪ L1/2P 1/2 .
Indeed, we simply start multiplying consecutive elements of the se-
quence M1, . . . ,MJ , N1, . . . , NJ until their product R+ exceeds P
1/2
while the previous product R− < P
1/2. Since by (4.11) and (4.12) each
factor is at most L, we have R+ < LR−. Hence
• either we have P 1/2 6 R+ 6 P 1/2L1/2 and then we set M =
R/R+ and N = R+;
• or we have P 1/2 > R− > L−1/2P 1/2 and then we set M = R−
and N = R/R−, where R is given by (4.9).
Hence in either case the corresponding N satisfies the upper bound
in (4.13). In this case, since for N ≫ P 1/2 we have M ≪ P/N ≪
P 1/2 ≪ Q1/2, recalling (4.3), we have
|Σq(V)| 6 ρqP 3/4Q1/8+o(1)
(
L1/8P 1/8Q−1/8 + 1
)
= ρq
(
L1/8P 7/8 + P 3/4Q1/8
)
Qo(1) .
(4.14)
Case II: Moderate N1.
We now consider the case
(4.15) L < N1 6 S .
where we now assume that
(4.16) S 6 P 1/2 .
We further split it into two subcases, depending on the size of N2.
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• Subcase II.1: Moderate N1 and small N2.
If we have
S > N1 > L > N2 ,
then we again start multiplying N1 by other elements from the sequence
M1, . . . ,MJ , N2, . . . , NJ and using that (4.10) guarantees that in this
range, using (4.16), we have
J∏
i=1
Mi
J∏
j=2
Nj = R/N1 > P/S > P
1/2
we can prepare some integers M and N with (4.13). Therefore, we
again have the bound (4.14).
• Subcase II.2: Moderate N1 and N2.
It remains to consider the case when
S > N1 > N2 > L .
In this case, we define M and N as
M =
J∏
i=1
Mi
J∏
j=3
Nj and N = N1N2
thus we have
S2 > N > L2 .
We also note that
M1/4Q−1/8 +N1/4Q−1/8 ≪ (P/N)1/4Q−1/8 +N1/4Q−1/8
≪ (P/L2)1/4Q−1/8 +Q−1/8S1/2
= L−1/2P 1/4Q−1/8 +Q−1/8S1/2 .
Hence, the bound (4.3), implies
|Σq(V)| 6 ρqP 3/4Q1/8
(
L−1/2P 1/4Q−1/8 +Q−1/8S1/2 + 1
)
= ρq
(
L−1/2P + P 3/4S1/2 + P 3/4Q1/8
)
Qo(1) .
(4.17)
We now observe that (4.17) is trivial when (4.16) fails, so do not have
to restrict S to (4.16) anymore.
Case III: Large N1.
In the case when
(4.18) U > N1 > S
we set
M =
J∏
i=1
Mi
J∏
j=2
Nj and N = N1 .
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With the above choice, under the condition (4.18), we have the bounds
M1/4Q−1/8 +N1/4Q−1/8 ≪ (P/N)1/4Q−1/8 +N1/4Q−1/8
≪ (P/S)1/4Q−1/8 + U1/4Q−1/8
= P 1/4Q−1/8S−1/4 + U1/4Q−1/8 .
Therefore, we see that the bound (4.3) implies
|Σq(V)| 6 ρqP 3/4Q1/8+o(1)
(
P 1/4Q−1/8S−1/4 + U1/4Q−1/8 + 1
)
6 ρq
(
PS−1/4 + P 3/4U1/4 + P 3/4Q1/8
)
Qo(1) .
(4.19)
Case IV: Huge N1.
We now consider the case when
(4.20) U < N1 6 P .
In this case, via partial summation and an application of Lemma 3.4,
exactly as in [10]
|Σq(V)| 6M1 . . .MJN2 . . . NJq1/2+o(1)
= PN−11 q
1/2+o(1) 6 ρqPU
−1Q1/2+o(1) .
(4.21)
4.4. Optimisation. We observe that the bounds (4.14), (4.17), (4.19)
and (4.21) cover all four possiblee ranges of N1 given by (4.11), (4.15),
(4.18) and (4.20).
We now choose L to balance its contribution to the bounds (4.14)
and (4.17). This leads us to the equation
L1/8P 7/8 = L−1/2P .
Thus, we choose
L = P 1/5 ,
in which case the bound (4.17) always dominatess (4.14) (as it has one
extra term) and hence both can be combined as
(4.22) |Σq(V)| 6 ρq
(
P 9/10 + P 3/4S1/2 + P 3/4Q1/8
)
Qo(1) .
We also have J ≪ 1 as required.
We now choose S balance its contribution to the bounds (4.19)
and (4.22). That is, we chose it as S = P 1/3 from the equation
PS−1/4 = P 3/4S1/2 .
Hence the bounds (4.19) and (4.22) (after discarding the term P 11/12)
can now be combined as
(4.23) |Σq(V)| 6 ρq
(
P 11/12 + P 3/4U1/4 + P 3/4Q1/8
)
Qo(1) .
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We also choose U to balance its contribution to the bounds (4.21)
and (4.23). This leads us to the equation
PU−1Q1/2 = P 3/4U1/4 .
Thus, we choose
U = P 1/5Q2/5 ,
in which case the bound (4.23) dominates (4.21) and both can be com-
bined as
(4.24) |Σq(V)| 6 ρq
(
P 11/12 + P 4/5Q1/10 + P 3/4Q1/8
)
Qo(1) .
We now note that under the condition (4.10) we have
P 4/5Q1/10 > P 3/4Q1/8 .
Therefore the bound (4.24) implies that
(4.25) |Σq(V)| 6 ρq
(
P 11/12 + P 4/5Q1/10
)
Qo(1)
for all data V) and hence we obtain (4.2).
4.5. Concluding the proof. Combining the bound (4.2) with (4.4)
and Lemma 3.3, we get
1
Q
∑
q∼Q
q prime
max
[Y+1,Y+X]∈[1,q−1]
∣∣∣∣Tλ,q(P ;X, Y )− 2Xq Nq(P )
∣∣∣∣
6
(
P 11/12 + P 4/5Q1/10
)
Qo(1) ,
(4.26)
where Nq(P ) is as in Section 3.3, that is, the number of primes p 6 P
which are quadratic residues modulo q. Note that each prime counted
by Nq(P ) contributes two values of x.
Together with Lemma 3.2, the bound (4.26) concludes the proof.
5. Possible generalisations
It is natural to ask whether our results and methods can be used to
treat higher degree roots of primes, that is, to ask about the distribution
of roots of congruences
xd ≡ p (mod q), p ∈ Rq(P ) ,
with an integer d > 3.
To address this question, we recall that one of the crucial ingredients
in the proof of Theorem 1.1 is a result of Heath-Brown [17] on average
values of sums of real characters. Similar, albeit weaker, results are
also known for cubic and quartic characters, see [2,15,18], however we
are unaware of any result for higher order characters. This can limit
the abilities of what one can realistically hope to prove nowadays to
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d 6 4, unless one assumes the Generalised Riemann Hypothesis, which
instantly gives such a necessary result for each q (without any need for
averaging), see [21, Sections 5.8 and 5.9].
The second ingredient is provided by bounds of bilinear sums with
roots which in turn is based on bounds on the additive energy of roots.
The case of square-roots allows a special treatment, see [10,30], however
higher degree roots can be studied as well. To illustrate this we consider
the congruence with cubic roots
(5.1) x+ y ≡ a (mod q), x3, y3 ∈ [1, N ] ,
where the cubes are computed modulo q. From (5.1) we derive
a3 ≡ (x+ y)3 = x3 + y3 + 3axy (mod q)
and then
27a3x3y3 ≡ (a3 − x3 − y3)3 (mod q) .
Denoting U = x3y3 and V = x3 + y3 we arrive to the congruence(
a3 − V )3 ≡ 27a3U (mod q)
with V ∈ [1, 2N ], U ∈ [1, N2] to which, provided N2 = o(p), the meth-
ods of [3, 4] can be applied. Quite to the contrary to above limitation
d 6 4, we believe that this part can be extended to arbitrary d > 2.
Acknowledgement
The work of I.E.S. was supported in part by the Australian Research
Council Grant DP170100786.
References
[1] S. Ahlgren and A. Dunn, ‘Maass forms and the mock theta function f(q)’,
Math. Ann., 374 (2019), 1681–1718. 2, 3
[2] S. Baier and M. P. Young, ‘Mean values with cubic characters’, J. Number
Theory, 130 (2010), 879–903. 18
[3] M.-C. Chang, ‘Sparsity of the intersection of polynomial images of an interval’,
Acta Arith., 165 (2014), 243–249. 19
[4] M.–C. Chang, J. Cilleruelo, M. Z. Garaev, J. Herna´ndez, I. E. Shparlinski
and A. Zumalaca´rregui, ‘Points on curves in small boxes and applications’,
Michigan Math. J., 63 (2014), 503–534. 19
[5] J. Cilleruelo, ‘The least common multiple of a quadratic sequence’, Compos.
Math., 47 (2011), 1129–1150. 2
[6] D. Dokic´, ‘A note on the distribution of angles associated to indefinite integral
binary quadratic forms’, Czechoslovak Math. J., 69 (2019), 443–452. 2, 3
[7] M. Drmota and R. Tichy, Sequences, discrepancies and applications , Springer-
Verlag, Berlin, 1997. 11
20 I. D. SHKREDOV, I. E. SHPARLINSKI, AND A. ZAHARESCU
[8] W. Duke, J. Friedlander and H. Iwaniec, ‘Equidistribution of roots of a qua-
dratic congruence to prime moduli’, Ann. of Math., 141 (1995), 423–441. 2,
3
[9] W. Duke, J. Friedlander and H. Iwaniec, ‘Weyl sums for quadratic roots’, Int.
Math. Res. Not., 2012 (2012), 2493–2549. 2, 3
[10] A. Dunn, B. Kerr, I. E. Shparlinski and A. Zaharescu, ‘Bilinear forms in Weyl
sums for modular square roots and applications’, Adv. Math., 375 (2020),
Art.107369. 2, 3, 8, 10, 12, 17, 19
[11] A. Dunn and A. Zaharescu, ‘The twisted second moment
of modular half integral weight L-functions’, Preprint , 2019,
http://arxiv.org/abs/1903.03416. 8
[12] E´. Fouvry, ‘Sur le proble´me des diviseurs de Titchmarsh’, J. Reine Angew.
Math., 357 (1985), 51–76. 13
[13] E´. Fouvry, E. Kowalski and P. Michel, ‘Algebraic trace functions over the
primes’, Duke Math. J., 163 (2014), 1683–1736. 13
[14] P. X. Gallagher, ‘On the distribution of primes in short intervals’, Mathe-
matika, 23 (1976), 4–9. 4
[15] P. Gao and L. Zhao, ‘Large sieve inequalities for quartic charactersh’, Quart.
J. Math., 63 (2012), 891–917. 18
[16] I. Guarneri, G. Casati and F. M. Izrailev, ‘Statistical properties of the quasi-
energy spectrum of a simple integrable system’, Phys. Lett. A 124 (1987),
263–266. 4
[17] D. R. Heath-Brown, ‘A mean value estimate for real character sums’, Acta
Arith., 72 (1995), 235–275. 2, 10, 18
[18] D. R. Heath-Brown, ‘Kummer’s conjecture for cubic Gauss sums’, Israel J.
Math., 120 (2000), 97–124. 18
[19] L. Hodges, ‘A lesser-known Goldbach conjecture’, Math. Mag., 66 (1993), 45–
47. 6
[20] K. Homma, ‘On the discrepancy of uniformly distributed roots of qua- dratic
congruences’, J. Number Theory, 128 (2008), 500–508. 2, 3
[21] H. Iwaniec and E. Kowalski, Analytic number theory, Amer. Math. Soc., Prov-
idence, RI, 2004. 2, 11, 13, 19
[22] L. Kuipers and H. Niederreiter, Uniform distribution of sequences , Wiley-
Intersci., New York-London-Sydney, 1974. 11
[23] K. Liu, I. E. Shparlinski and T. P. Zhang, ‘Divisor problem in arithmetic
progressions modulo a prime power’, Adv. Math. 325 (2018), 459–481. 3
[24] K. Liu, I. E. Shparlinski and T. P. Zhang, ‘Cancellations between Kloosterman
sums modulo a prime power with prime arguments’, Mathematika, 65 (2019,
475–487. 3
[25] S.-C. Liu and R. Masri, ‘Hybrid bounds for quadratic Weyl sums and arith-
metic applications’, Forum Math., 27 (2015), 3397–3423. 2, 3
[26] R. Masri, ‘The asymptotic distribution of traces of cycle integrals of the j-
function’, Duke Math. J., 161 (2012), 1971–2000. 2, 3
[27] K. Matoma¨ki, ‘The distribution of αp modulo one’, Math. Proc. Cambridge
Philos. Soc., 147 (2009), 267–283. 5
[28] Z. Rudnick, P. Sarnak, and A. Zaharescu, ‘The distribution of spacings between
the fractional parts of n2α’, Invent. Math., 145 (2001), 37–57. 4
DISTRIBUTION OF MODULAR SQUARE ROOTS OF PRIMES 21
[29] J. Rue´, P. Sˇarka, and A. Zumalaca´rregui, ‘On the error term of the logarithm
of the lcm of a quadratic sequence’, J. The´or. Nombres Bordeaux , 25 (2013),
457–470. 2
[30] I. D. Shkredov, I. E. Shparlinski and A. Zaharescu, ‘Bilinear forms with modu-
lar square roots and averages of twisted second moments of half integral weight
L-functions’, Preprint , 2019. 2, 9, 19
[31] A. To´th, ‘Roots of quadratic congruences’, Int. Math. Res. Not., 14 (2000),
719–739. 2, 3
[32] A. Zaharescu, ‘Small values of n2α (mod 1)’, Invent. Math., 121 (1995), 379–
388. 5
[33] A. Zaharescu, ‘Correlation of fractional parts of n2α’, Forum Math., 15 (2003),
1–21. 4
I.D.S: Steklov Mathematical Institute of Russian Academy of Sci-
ences, ul. Gubkina 8, Moscow, Russia, 119991; Institute for Infor-
mation Transmission Problems of Russian Academy of Sciences, Bol-
shoy Karetny Per. 19, Moscow, Russia, 127994; Moscow Institute
of Physics and Technology, Institutskii per. 9, Dolgoprudnii, Russia,
141701
E-mail address : ilya.shkredov@gmail.com
I.E.S.: School of Mathematics and Statistics, University of New
South Wales. Sydney, NSW 2052, Australia
E-mail address : igor.shparlinski@unsw.edu.au
A.Z.: Department of Mathematics, University of Illinois at Urbana-
Champaign 1409 West Green Street, Urbana, IL 61801, USA; Simon
Stoilow Institute of Mathematics of the Romanian Academy, P.O. Box
1-764, RO-014700 Bucharest, Romania
E-mail address : zaharesc@illinois.edu
